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Grid turbulence convected by a free stream past a rigid surface moving at the same
"speed as the free stream is analysed by boundary-layer theory and spectral methods.
The turbulence is assumed to be weak, i.e. %, /%, < 1, and its Reynolds number to be
large, i.e. 4., Lo /v > 1, where u,, is the r.m.s. turbulent velocity. Two regions are found
to exist. The outer, source region B® has a thickness of the order of the integral scale
L. Here the normal component of turbulence decreases and the lateral and streamwise
components are amplified. The inner, viscous region B® has thickness [zv/%,]},
where z, v and %, are the streamwise co-ordinate, kinematic viscosity and mean
‘velocity respectively. Here the turbulent velocity decays to zero at the surface.
Spectra variances and cross-correlations are calculated and found to compare well
with measurements of turbulence near moving walils by Uzkan & Reynolds (1967) and
Thomas & Hancock (1977).
The results of this theory are shown to have a number of applications including the
prediction of turbulence near wind-tunnel walls and near flat plates placed parallel to
the flow.

1. Introduction

A flat rigid surface introduced into a unidirectional turbulent shear flow affects the
turbulence by means of two mechanisms. First, the no-slip condition at the surface
produces a mean velocity gradient which interacts with the velocity and the vorticity
of the turbulence. Second, the velocity fluctuations of the turbulence must be zero at
the wall.

Most calculation: methods for turbulent flows are exclusively concerned with the
first effect, which can be analysed and physically explained in terms of the energy
transfer between the mean and turbulent flow fields, hence its obvious practical
importance. This paper is exclusively concerned with the second mechanism, which
does not lead to significant changes in the energy of the mean flow and cannot usefully
be considered by energy arguments. However changes due to the second mechanism
are of practical importance.

A critical experiment to examine this particular interaction between turbulence and
a fixed surface without the interference of a mean velocity boundary layer is to study

+ Main conclusions of this work were presented by J. C. R. Hunt at the University of
Southampton Colloquium on Coherent Structures in Turbulence in March 1974.

8 FLM B4



210 J.C. R. Hunt and J. M. R. Graham

grid turbulence near a moving wall. Such an experiment was first conceived and per-
formed by Uzkan & Reynolds (1967) in a small water channel. More recently it has been
repeated in a large wind tunnel by Thomas & Hancock (1977).

In this paper we develop a theory for this experiment and calculate the changes in the
variances, spectra, cross-spectra and cross-correlations of weak homogeneous free-
stream turbulence near a flat surface moving with the same mean speed as the free
stream. The analysis and statistical methods used are similar to those developed by
Hunt (1973) and Graham (1976) for turbulent flows round bluff bodies. In the limit of
large Reynolds number a moving wall or a bluff body acts like a sheet of random sources
producing an irrotational flow field such that the net normal velocity is zero at the
surface. The moving-wall problem is simpler than the bluff-body problem because
there is no change in the mean velocity. Therefore no distortion of the vorticity of the
turbulence occurs and no tnwviscid rotational flow field is created. Sufficiently close to
the moving surface a rotational fluctuating flow field must exist as the fluctuating
velocity is brought to zero.

Irrotational velocity fluctuations are, of course, a well-known feature of turbulent
flows near rigid surfaces. For example they exist outside a turbulent boundary layer,
being driven by the rotational motions in the boundary layer (Phillips 1955). On the
other hand, in the inner part of a turbulent boundary layer there are large-scale,
relatively low frequency motions driven by the large eddies in the outer part of the
boundary layer. These have been described as ‘inactive motions’ by Townsend (1961,
1976) and Bradshaw (1967), who observed that they are partly made up of irrotational
motions. But they did not develop any method for calculating these motions, nor did
they discuss how these motions are brought to rest at the wall.

The main object of this paper is to provide a theory for comparison with the experi-
mental results of Uzkan & Reynolds (1967) and Thomas & Hancock (1977). The
application of this analysis to ‘inactive’ motions in boundary layers and the distortion
near rigid wind-tunnel walls of large-scale turbulence generated by grids or other
devices will be discussed in later papers.

2. A theory of homogeneous turbulence near a moving wall
2.1. Assumptions and equations

Consider the idealized flow depicted in figure 1, in which weak homogeneous turbu-
lence swept along by a stream with mean velocity %, is suddenly brought into contact
with a rigid surface y = 0, z > 0 also moving at speed %,. The object of the analysis
is to demonstrate how this surface affects the turbulence.

Initial conditions are necessary to determine the flow and it is assumed that a homo-
geneous, statistically stationary wvorticity field, created by an idealized grid at z,,
meets the wall at = 0. (Downstream the flow near the wall turns out to be quite
sensitive to the initial conditions, which must therefore be specified precisely.)
Various means of more or less approximately achieving this situation are discussed
later.

A formal statement of the problem is that we have to solve

Bu* /ot + (u*. V) u* = — p-1Vp + »Vou*, (2.1)
V.u* =0, (2.2)
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FiGurke 1. Definition sketch showing the upstream grid, the moving wall, the source region B
and the viscous region B.

where u*, p, p and v are the velocity, pressure, density and kinematic viscosity res-
pectively. Let w* be the vorticity V x u*. Then on expressing u* and w* in terms of
their mean and fluctuating components, we get

u* = i(x)+u'(x,t), w*=ax)+w(x,t),
where an overbar denotes a time or ensemble mean. The boundary conditions are

ony=0, 0<zx< o0, (2.3a)

0 = (8,0,0) {asw—»—oo, (2.3b)

where %,, is a constant equal to the upstream velocity and the speed of the moving
floor. A specified vorticity field w, is created upstream, so that

o' = wy(r,y,21t) at z =, farupstreamofz =0. (2.4a)
No velocity fluctuations are assumed to exist on the moving wall, so that
u=0 on y=0, 0<2z<o0 (2.4b)
The following assumptions are made about the intensity and scale (or Reynolds
number) of the turbulence:
o= Up[Tp €1, UxLefv>1, (2.5), (2.6)

where ., = [(ul,)?]* is the root mean square of the z or longitudinal fluctuating
velocity component %; and L, is the integral scale of u;, both being defined at x = 0.

From the assumption of weak turbulence (2.5), the solution to (2.1) and (2.2) for the
mean velocity Gi(x) in the limit & — 0 is

i(X) = (%o, 0, 0). (2:7)

Substituting (2.7) into (2.1) and using the assumptions (2.5) and (2.6), the equations
for u’ and the fluctuating vorticity w’ become
ou’  _ ou’ _ du’ _ 1 ’ P ’\2
_é'["*'uco—a; - 7 - ——VP +vViu +0((uuo) /Luo)» (28)
w'  _ dw dw 9 2/12)
= = 2.
e = g =V Ol L), 29

8-2
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where the order-of-magnitude estimates are for the fluctuating nonlinear terms since
the scale of the energy-containing eddies is of the order of L,. Under assumption
(2.5), these terms are small compared with terms on the left-hand side of the equations.
If assumption (2.6) is made also, (2.8) or (2.9) implies that in the absence of any
boundaries the time scale for the variation of the velocity of any fluid element is of the
order of L,/u’, sometimes known as the ‘turnover time’, or the Lagrangian time
scale (Tennekes & Lumley 1972). This time corresponds to a distance along the flow of
L,u/u’ = %, a turnover distance. Equations (2.8) and (2.9) also imply that for eddy
scales (or wavelengths of Fourier components) of the order of L, the viscous terms are
negligible if the Reynolds number of the turbulence is large enough, i.e. under assump-
tion (2.6). But over a distance of order .%,, the viscous stresses acting on the smallest
scales produce large changes in the energy-tontaining eddies. Thus over a distance
x —x,small compared with % the velocity and vorticity of fluid elements far from any
boundary do not change from their values at x, as the elements are convected: they are
‘frozen’. Therefore over distances 0 < x —x, € %, in the free stream,

dw,/dt =0, du,/dt=0 forall z,> O(L,). (2.10)
Thence the outer boundary conditions on the turbulence in the region near the wall are
w'(X, 1) > w,(X,t) = w2, ¥, z,t—x/h‘w)} (2.11)
, _ as y— o0,
' (z,t) > uL(X,t) = ug(x,,y,2,t —2/Uy) (2.12)

where wg and u; are the fluctuating vorticity and velocity created by the grid. w, and
u, are assumed to be statistically homogeneous in the y and z directions.

The effect of the wall on this free-stream turbulence is to produce two distinct
boundary layers B® and B®, which we first discuss qualitatively to explain the direc-
tion of the formal asymptotic analysis. Since u; = u; =0ony =0,w; =0ony =0,
and a boundary layer must exist for the fluctuating vorticity. Equation (2.9) suggests
that this has a thickness §® ~ (vz/u,)}, if 6 is small compared with a typical eddy
size L,. Thus a change in U’ must occur across B®. But since u; = 0 on y = 0, the
continuity equation requires that just outside B®, at y = 6®, u; ~ 6®u]/x. Conse-
quently, even if u; ~ u_, it is not possible for the normal component of velocity u, to
be restored to its upstream or far-field value just above the viscous boundary layer.
This change must occur in a deeper layer through which u; increases from approxi-
mately zero at y = 6® to its far-field value u_,; at y = 6®. The difference between the
velocity field in this layer and that in the far field can be regarded as being produced by
a source-like distribution —u., on the wall. Hence we term this layer the source
boundary layer B®.

2.2. The viscous and source layers
For the analysis of B® we use the non-dimensional co-ordinates

X =2/Le, 9=y/[Lov/iclt, Z=2/Le, T =tio/Ly, (2.13)

and in B® the definitions X, Z and 7 are unchanged while ¥ = y/L,. We shall also use
assumptions (2.5) and (2.6). The non-dimensional flow variables are

w; = w;lLao/u:w U; = u:/u:m p =P'/(Pﬁoou;)s (2'14)
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which are conveniently expressed as sums of different terms associated with B® and
B9:

w; = 00X, T) + o P(X, T) + (X, 9, Z, T),} (2.15)
s = Ui(X, T) + O (X, T) + uP(X, 7, Z, T). ‘

All the non-dimensional terms in (2.15) are assumed to be O(1), and X = (X, Y, Z).

The equations for the two layers follow from the above scaling, the Navier-Stokes
equations (2.1) and (2.2), and the results already obtained for u., and w, in (2.12) and
(2.11). Thus, ignoring terms O(R-%) and smaller, we find that in B®

%‘%+%‘_§=_£% 2_’;;_)= : (2.164, b)
(0/0T +9/0X) (@ay + &) = 0, (2.17)
where X, is the sth component of x, and in B®
o [0 [ e
(ﬁ+ﬁ) W u | =1 opfoz |+t (2.18)
u +uf” Rt op/oy Uy
) M gy
et as Al 219
(é%’ +;X) o + o) = %;:1 (2.20)
The boundary conditions on u{, u{", ¥ and (") are
o+ =0 as z—>oo [from(2.11)and(2.4a)], (2.21)
U+ u® = —u,; on y=0, z>0 [from(2.4)], (2.22)
0P 40P >0, W t+ul” >0 as y->oo [from (2.10)]. (2.23)

The variables 4’ and w{” are chosen to be zero outside the viscous boundary layer.
Therefore the last boundary condition is replaced by

o >0, u’->0 as 700, (2.24a)
WP >0, uP—>0 as Yoo (2.24b)

The solution to (2.17) subject to (2.21), (2.24a) and (2.11) is
WP =0, (2.25)
which means that in our problem the vorticity is the same in B* as in the outer flow. Tt
is not possible to calculate ¢ until the boundary conditionsare known on ¥ = 0. This

requires studying B®), where the simplest variable to calculate is w{.
Solution for B®, Since u; = u; = 0aty

X, =0,Z2,T)=-0(X,y=0,Z,T) = —w(0,Y = 0,Z,T—X). (2.24¢)

) 2
aT " 8X o

The equation for v is
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Thus to satisfy (2.24a, c) the solution must be

0 = —wy(0, Y = 0,2Z,T— X)erfc{n/(4X)t}. (2.26)
Thus we conclude that B® has the form of a growing boundary layer with thickness
0 ~ 4(zv/u,)b. (2.27)

w{ and w§” cannot be calculated at this stage because the derivatives of u{”’at y = 0,
which are needed to specify w{*) and w§’ at y = 0, are not yet known. However, having
shown that B® has a boundary-layer structure, at least for one component of vorticity,
it is now reasonable to make the usual boundary-layer approximations for u{. These
can be checked a posteriori.

From (2.18), we have dp/dy = 0, whence

o (op op\ _ . "

a(5%) =5 (az) =0 =
Therefore in B®, 9p/0X and op/dZ are determined by their values in B® as ¥ -0,
which are given by (2.16). Substituting these expressions into (2.18) gives

0 0
V) — () y — .
(3T 3X) u u§ (j=1,3), (2.28)
where uP >0 as 7—>o0 } (G =1,3)
and U = — (U +uP) (X, Y =0,Z,T) at =0

Although 4{” and 4"’ cannot be found until we know the «{?, we see that u{”’ and u{"
have typical boundary-layer profiles decaying to zero at a value of 7 approximately
given by (2.27).

u$” can be found in terms of u{”’ and u{’’ from the continuity equation (2.19), from
which we see that, since u§” -0 as 7 — oo,

w? =0 in B®, (2.29)
(In fact u{” = O(R-*u,), but we are ignoring terms of this order.) Then applying the
boundary condition (2.22) gives
WX, Y = 0,2,T) = —upy(X, ¥ = 0,Z,7T). (2.30)
The fact that (2.30) specifies u{ on ¥ = 0 now enables us to calculate ' throughout
B®, Since o = 0 [see (2.25)] we express u® as
ue = —VOX,T), (2.31)

and since V.u® = 0 it follows that
V20 = 0. (2.32)
The boundary conditions on ® follow from (2.31), (2.30) and (2.24b), namely
0D/0Y = upy(X, Y =0,Z,T) on Y =0, X >0,
} (2.33a)
VO->0 as Y-—oo.

If the mean flow is so arranged that the mean streamline which meets the surface of
the wall ¥ = 0, X > 0 also lies approximately along Y = 0 upstream of the wall, as
shown in figure 1, then the flow field for Y > 0 is similar to that for flow past an
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idealized thin flat plate intersecting the turbulent flow with its leading edge at X = 0,
Y = 0. In such a case, which is approximately the situation for the experiments of
Thomas & Hancock (1977), the flat-plate experiments of § 3.3 and possibly the experi-
ments of Uzkan & Reynolds (1967), the appropriate upstream boundary condition is

®=0 on Y=0, X<O. (2.33b)

On the other hand if the wall extends continuously up to and beyond the grid and no
attempt is made to remove the wall layer coming off the grid as in the experiments of
Cooke (1971) and Petty (unpublished), ¢®/9Y becomes a function of X, Z and 7 on
Y = 0 which is difficult to specify in the region of the grid but which rapidly decreases
to zero upstream of the grid, within a distance of order L.

However if the turbulence is to be analysed at a station X sufficiently far downstream
of X = 0, the upstream boundary condition becomes immaterial and the solution of
(2.32) with (2.33a) is

_ © u X', Y =0,2,T)dX'dZ'
OX,Y,2,T) = f f TPz (2.34)

This solution is correct except within distances of order L, from X = 0, for which the
full solution with boundary condition (2.33b) is given in appendix A. The full solution
shows that the leading-edge contribution becomes negligible for X 2 1. (For further
justification see §2.3.) Given ®(X, T'), u® can be calculated from (2.31) throughout
B® in terms of u,y(X, 7). In particular u{? and u{’ at ¥ = 0 can be found, so that
u? and 4 can be calculated from (2.28).

In the limit X — oo, it follows from (2.12) that (2.34) can be rewritten as

9y 2gn [ MOOLI XX
Thus for X large enough, u{” as ¥ — 0isafunction of 7 — X and Z only, so that u., + uf’
and, by similar arguments, 3 +u$’ can be written as
Uy (X,0,Z,T)+u(X,0,2Z,T) = U(Z,T - X)
Upa(X,0,Z, T+ u$NX,0,2,T) = U(Z,T - X)

} when X - c0. (2.36)

Thence the appropriate solutions for «{” and «{” in (2.28) are

u) = —U{Z,T—X)erfe{n/(4X)}}, ul) = U (Z,T—X)erfc{n/(4X)}}.
(2.37a)

Thus the thickness 6® of the region B®, defined as the value of y at which u, is 99 %, of
its value in B® as Y — 0, is given by

8® = 4-0(xv /%)t (2.37b)

2.3. Fourier analysis of B®

Using the same notation as in the paper of Hunt (1973), the normalized turbulent
velocity u is expressed in terms of two- or three-dimensional Fourier transforms.
Near the wall, where the velocity is only homogeneous in z and ¢,

‘u(Xt; f f {}Kl,Ks;X,Y)exp{i(—K1T+K3Z)}dK1dK3. (2.38)
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But in the free stream, where the turbulence is homogeneous in #, ¥ and z and is
convected, i.e. ‘frozen’, by the mean flow,

Uy (X, 8) = j f j Y LKy Ky Ky)expli(— K, T+ K, X + K, Y + K, Z)}dK, dK,dK,.
o (2.39)

K is a non-dimensional wavenumber defined in terms of the dimensional wavenumber
K* as

K =K*L,, (2.40)
so that K, is effectively a non-dimensional frequency (=2#nL,,/%,) corresponding to

an oscillation with frequency .
In order to express the turbulence near the wall in terms of its spectrum in the free

stream, we express %, and & in terms of 4..; by the equations
i @ (K; X, Y
{%} (Ky, Ky X, ¥) = f { ﬂ:(li( g Y))} FoK)dK,, (2.41)

which are similar to equations (4.20) in Hunt (1973). In region B® it is convenient to
express the tensor M; in terms of two other terms as

My= M+ MY,

where
M) =, exp{i(K, X+ K,Y)} (2.42a)
and since, from (2.31),
u; = —09/0X,,
MP = (—0p/0X, -0p,/0Y, —iK3 ). (2.42b)

In Hunt (1973) it was necessary to add another tensor M{#) due to the distortion of the
vortex lines by the variations of the mean flow around the bluff body.
Substituting (2.39) and (2.41) into (2.34), we find that when z > 1

Pr=pF=0 (2.430)

. 1 fe e expl{i(K, X'+ KyZ - Z")%} ) s
ﬂz(K,X,Y)——E;f ,[_w[(x—x' T RdX . (2.430)

and

This double integral can be evaluated when X — oo to give

By =—exp{iK, X —(K3+ K2)}Y}/(K2+ K3t (Erdélyi et al. 1954, pp. 11, 56).
(2.44)

If we define AB as the difference between this asymptotic result for g, (at large X)

and the expression for f, at arbitrary X, given in appendix A, then the extra contribu-

tion due to the influence of the ‘leading edge’ can be evaluated on ¥ = 0 as

2exp (1K, X)
(K2+ K32)t

This can be expanded for large values of X to give

2 exp(— | K4| X){K;—
ABX,0) =— | g; e

AB(X,0) = (1 erf {{(1 K, + K;) X]#}). (2.45)

Kyt X-4+0(exp(—|K4| X)X (2.46)
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which tends to zero as X goes to infinity, but more slowly for very wide eddies (small
K,). However for the bulk of the energy-containing eddies with dimensions of order
L., whenz 2 L, the leading-edge contribution Af ~ 0, so that £, is as given in (2.44).
On the plane X = 0, g is continuous. But at X = 0, ¥ = 0 there is a square-root
singularity in 6#/0X, which is to be expected on account of the discontinuity at X = 0
in the singularity distribution on ¥ = 0.
From (2.45), (2.44) and (2.42), it follows that, in region B®, when %, >« 2 L,

My =08,exp{i(K; X+ K,Y)}, My=0exp{i(K,X+K,Y)}, (2.47)
iK, ik, ]
(K2+ K3 7 (Ki+ K3
xexp{iK, X — (K3+ K3)}Y). (2.48)

My = 5y exp (K, X+ K, V) +|

2.4. Calculation of spectra and variances in B®

For a homogeneous flow the three-dimensional Fourier transform &,; of a turbulent
velocity component u; is related to the three-dimensional spectrum ®;;(K). This
relation can be used for the free-stream turbulence only when it is effectively homo-
geneous, i.e. when it has been convected several integral scales from thegrid. Thus, when
z > L, and the Fourier transforms of u,; are defined within a box with sides having
lengths L &, L, % and L, &, we have

LKy, Ky, Ky) S0 i( Ky, Ky, K) = [(FZ) /7% 8(K, — K3) @oy(K),  (2.49)

where the dagger superseript denotes the complex conjugate {[Hunt 1973, equation
(3.34)]. Thence using (2.41) to express u, in terms of #,;, and integrating with respect to
K, and K, the normalized one-dimensional cross-spectrum for the velocities at two
points X, = (X,,Y,,Z,)and X, = (X,,Y,, Z,) is found in terms of the normalized three-
dimensional spectrum of the free stream [as in Hunt 1973, equations (3.36), (3.32)]:

0K X K0) = [ [ MK Vi K) MK, o, K exp (K2 2}
X On(K)dK dK;, (2.50)
where the definition of ©,; is
Gij (Xa’xb;Kl) = 11 (xa! xb’K* /[ 2Lco]
and

OF(Xg, Xp; KT) = Lo wi(X,t) ui(X,t +7)exp (—iKITU,,) dr. (2.51)

- 00

Substituting the results (2.47) and (2.48) for M;; when « > L, into (2.50), we find
that in region B® the cross-spectrum ©,, is given by

011(Xs, X5 Ky) = Ouyy(Ky) + Ly + Ipes (2.52a)
where

© @ 1K .
Lo=[" {7 casiomexe (10K Xo— K, Xo) + Ky~ Z,)hexp (-~ (K1+ KD} )

x [exp {— (K3 + KDA ¥} exp (—iK,Y,) ®uyy — oxp { — (K3 + KDIT,)
x exp (1K, ¥,) @y ] dK,dK,,  (2.52b)
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which is the contribution from three-dimensional cross-spectra between ., and %.,.
Such a cross-spectrum exists in homogeneous turbulence because, even though

U3 (X) U2(X) = 0, U3 (X) Uep(X +1) 3= 0 when r & 0. The other integral in (2.52a) is

@ © K2 .
Lo= 7 [7 girgyee 61K X~ X))+ Kully— 2] - (Ki+ KD (5+ )
X Do dK,dK,y, (2.52¢)

which is the contribution to ®,, solely from u,,. Similar expressionsfor the cross-spectra
Oy, Oy and O, can be found. We concentrate in more detail on the spectra at one

point. Then

0,,(X; K,) = Onyy(Ky)+ Ly (X; Ky) + I5y(X; K,), (2.63a)
where
I ZK ® [exp {z( — K Y)} (leﬁ - exp {zK Y} (Dcozl]
4r = - (K3 + K3
xexp{—(K2+K3){Y}dK,dK, (2.53b)
and
o © exp{—2(K3+K3)}Y}D,dK, dK
= K f_w.'. G+ K (2.63c)
Similarly
O30(X; K;) = Orga(K,y) + I+ I, (2.54a)
where

N i et K . ,
Io=i[" [ rrkmlexp (- Ko 1)} 0o —exp (i, ¥} 0o
x oxp{— (K3}+K3)1Y}dK,dK,; (2.54b)
and
@© @© K2

I, = f o J' T ErmeP (-2 EPY} 0Ky R, (2640

Also,
0,(X; K,) = f f [1—2cos (K, ¥Y)exp{—(K}+ K2 Y} +exp{—2(K2+ K3)tY}]
X Doy dK,dK,.  (2.55)
These results for the one-dimensional spectra in the source layer B® (when x > L)

are independent of the form of the energy spectrum tensor of the free-stream turbu-
lence @, and give rise to some general conclusions about the turbulence in region

Be),
First, of course (2.55) shows that ©,(K,) = 0on Y = 0. Since

3 3
K Vpyy= 3 K;Pp5=0
=1 i=1
for any homogeneous turbulence (Batchelor 1953), it follows from (2.53)-(2.55) that

3
O1(K,) +Og4(K;) = ‘§1 0.,(K,) as Y -0, (2.56a)
so that as ¥ —»0 -

? z Ou(K))dK, = B+ = ¢

— o =1

=k +uly+uls = ¢b. (2.568)
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This means that, just outside the viscous boundary layer B® on the moving wall, the
kinetic energy of the turbulence (for all directions) at each frequency is the same as that
in the free stream and therefore the total kinetic energy is the same. Equally significant
is that when Y # 0 the total kinetic energy is not necessarily the same as in the free
stream,

If the free-stream turbulence is isotropic, then

W=ul=15ud;, ul=0 as Y0 (2.57)
If the turbulence in the free stream is anisotropic, then depending on the ratio of

uZ | to ul g, in principle —1;?/17‘,1 can range from 0 to w. Only (2.565) must be satisfied.
Itis also interesting to note the general forms of the spectra at very low and very high
frequencies near the wall. From (2.52), since 1,, = Iz, = 0 when K, = 0,

0u(K; =0,Y) = Opyy(K; =0)=1/m. (2.58)

Therefore if the local Eulerian integral time and length scales are T; and 2L, respec-
tively, where

1 ® e
ﬂ = (u—:,l)zfo ul(t)ul(t+'r)d‘r
and

zL, = uTy,
then from (2.56b)

Ty = Toy(u3(Y)/u2,), 2Ly = Lo(ud(Y)/ul;) as Y—>0.  (2.59)

Therefore for isotropic turbulence 7)(Y —»0) = §7T,,, and *L,(Y - 0) = §L,, where
T.., is the value of 7} in the free stream. From (2.544) as Y — 0, it can be shown that
since the turbulence is homogeneous

®3a(K1 —->0) = Tws/(ﬂTmz) + szz (K1 - 0), (2.60a)

where T, is defined for ug just as T, is for «;. For isotropic turbulence 7T'.5 /7., = }
and ©,,4(K, > 0) = 1/27, so that

@33(K1‘-)0) = 1/71 = 2®wsa (Kl‘->0),
and } (2.600b)

aLy = 220 g = Ly,

So, whereas the low frequency spectrum of u, is unaffected by the wall, the spectrum of
ug is amplified most at low frequencies.

The variation of ®;; and u? through the region B® depends on the form of ®.,,, and
thence ©.,;,. We consider two expressions appropriate to isotropic grid turbulence,
both having the same form:

. Own = 91/19: + K3 (2.61)
with
Dot = Ja[ K2 Oy — K1 K] /[9:+ K4 (K2 = K, K)). (2.62)
In the von Kérmén form [see Hunt 1973, equations (6.5), (6.7)]
p=4§ g, =01955 g,=0558, g,=>559,/(36m) (2.63)

while in the form used by Townsend (1976, p. 107)
=1, g =1/m g,=1, g3=2q,/m (2.64)



J.C. R. Hunt and J. M. R. Graham

220

04 (K)

102 10-1 1-0
K,

10 —

01 (K)).

1 1
10-2 10t 1-0 10
K,
FIGURES 2(a, b). For caption see page 224.

10?



@33 (Kl)

0. (K)

Free-stream turbulence near plane boundaries 221

Y=0

107!

10-2

10-3

10-4

102 10-! 1-0 10 102
K,
—2 -
- )
1 1 i
10-2 10! 1-0 10 10%
K,

FIGurEs 2 (c,d). For caption see page 224.



222 J.C.R. Hunt and J. M. R. Graham

0, (K)

Y=0

933 (Kl)

| | 1 |

10-2 10-? 1-0 10 10
K,

Fiaures 2 (e, f). For caption see page 224.




OII (Kl)

0, (X))

10!

10-2

1073

107!

10-?

10-3

10-4

Free-stream turbulence near plane boundaries 223

L ]
a r
- (9)
10-2
-
Y=o
w —1-0
R et
——4—_~&ﬂg_
- Yy=01____ ___
N Y=007
- (h)
| ] i N
10-2 10! 1-0 10 10?

K,
FI1cORES 2(g,h). For caption see page 224.



224 J.C.R. Hunt and J. M. R. Graham
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F1oure 2. One-dimensional (power) spectra in region B® computed for two types of spectrum of
free-stream turbulence compared with experimental data from Thomas & Hancock (1977)
(Y =y/L,). —, p = §, ———, p = 1. (a) Streamwise component, (x—z,})/M = 13. Measured:
A, Y=0111; @,Y =0251; B, Y = 1-63. (b) Normal component, (z—x,)/M = 13. Measured:
A, Y =0207; @, Y=0319; v, Y =1-06; W, Y = 2-04. (¢) Spanwise component,
(x—x;)/M = 13. Measured: A,Y = 0138; @, ¥ = 0-314; W, Y = 1-60. (d) Streamwise
component, (x—2,)/M = 18. Measured: A, ¥ = 0:057; @, Y = 0-:256; W, Y = 2-84. (e)
Normal component, (x —x,)/M = 18. Measured: A, Y = 0:071; @, Y = 0-321; ¥, Y = 0-843;
M. Y = 3-57. (f) Spanwise component, (x—z,)/M = 18. Measured: A, ¥ = 0:071; @, ¥ =
0-371; W, Y = 2-67. (g9) Streamwise component, (z—x,)/M = 25. Measured: A, ¥ = 0-080;
®.Y =0283;0,Y = 2-72. (k) Normal component, (x —x,}/M = 25. Measured: A, Y = 0-079;
@® Y =0349; Vv, Y =0-987; W, Y = 3:36. (4) Spanwise component, (zx—z,)/M = 25.
Measured: A, Y = 0-:099; @, Y = 3-36.

Graphs of the one-dimensional spectra are plotted for different values of Y in figure 2.
Note how the maximum value of ®,, at ¥ = 0 is at a value of K, (= 2mnL,/4,) of
about 1-0 and not at K, = 0, whereas the maximum value of ®;3at ¥ = 0isat K, = 0
and is equal to 1/7, which is twice its value in the free stream, in agreement with
(2.60b).

As Y0, if K, is O(1) then @,,(K,)— 0. But if K, is large compared with Y-! as
Y - 0, then @,,( K, ) remains equal to &,4,(K,). The asymptotic form for ®,,(K,) can be
found directly from the integral (2.64b) by the methods explained in Hunt (1973, §6).

When Y — 0 and K, 0, Oy,(K;) ~ yY#, where

_ 29, T(3) 2% 1]
- [t -

for the von Karman spectrum, for which z = §. Thus, as Y >0 and K, >0,
O2a(K)/OunalKy) ~ 0-77(2m) YE = 48 T, (2.66)

0-77 (2.65)
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Figure 3. Amplification of spewtra near the wall, expressed as the ratios ©,,(K,)/0,(K,) and
045(K,)/O0,(K,), for various values of Y (= y/Lx). S H=f;-—— p=1

As K, increases 0,,(K,)/ 09 (K,) increases, so (2.63) gives the lowest value of this
ratio.

In figure 3 the amplification 0,,/0,,, has been plotted as a function of K, for various
values of Y and for two values of 4. Note that the maximum amplification occurs at a
wavenumber K, given approximately by K, ¥ ~ 0-3 (for 4 = §), so that as ¥ -0 the
maximum amplification occurs as K, > c0. Note that the amplification is only weakly
dependent on u. For example, at ¥ = 0-1 the maximum amplification is 1-45 for 4 = 1
and 1-43 for x = §.

The mean-square turbulent velocities are obtained by integrating ©,,, ©,, and Qg4
with respect to K,. These integrals have been .computed and «2(Y) and u2(Y) are

plotted in figure 4. Asymptotic expansionsfor u2 and u can be obtained near the bottom

of the region B®,
For the von Kérmén spectrum (4 = §), a8 ¥ >0
u}/uly = udfuls = 15— A, Y4, (2.67)
ud/uly = A, 9t (2.68)

INCING) 7l(3)

A= gl{—r(g— 3mi2- +4—FW} =268, A, =14.

For the ‘Townsend’ spectrum (u = 1)

udful, = 1:5-0(y), (2.69a)
and o
udfuly = O(y). (2.69b)
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F1auRE 4. Variance of the three components of turbulent velocity in regions B® and B for two
types of free-stream turbulence spectrum. In B®: p=%;i———p=1InBY: () p=4
(€/Ly) (/i Lo) = 107%; (ii) g = 4, (/L) (¥/fie Liis) = 10~%. (a) Normal component ul;
note log-log scale. (b) Streamwise (;}) and spanwise (;E) components; note linear-log scale.

Given (2.67) or (2.69a), u? and u2 in region B® can be calculated from (2.37). The results
are shown in figure 4 (b) for two values of 2v/4.,. Figure 4 (b) shows graphically how the

more energy there is in the spectrum at high wavenumbers the greater ugisnear ¥ = 0

(i.e. ul is greater near ¥ = 0 when y = § than when g = 1). This is fairly obvious since
the more energy there is in the smallest eddies, the less the turbulence is affected by the
wall.

From (2.67) and (2.59), we find that the integral scale of the streamwise velocity

component is (for x4 = §) oL, = L,,/(1-5—2-4TH),
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so that near the surface the integral scale increases very rapidly as Y increases, a
phenomenon observed in many turbulent flows near surfaces as we note later.

From (2.65) and (2.68), we find that the streamwise integral scale of the vertical
velocity component is (for £ = §)

2Ly = 10y (0)/uf = nYE/A, Y = 2.247.
=L, is also proportional to Y for the other speetrum, with 4 = 1. This result is found in
many turbulent flows where the precise conditions of this theory are not satisfied.

Tt is also interesting to consider how as ¥ increases u? and u2 approach their asymp-
totic values in the free-stream turbulence. Figure 4 shows that u2 and uZ first decrease
to values below uZ, and uZ; before increasing to their asymptotic values. The lowest
they reach for u = § is 0-865u42%, and for 4 = 1 is 0-845u% . The asymptotic form of u3
orufas Y >c0is

wijul | = ulfuly =1-A, Y-3e0MUY L O(Y4) for pu=4,

where A; = mg, /[28T'(§) g3*] = 0-525. Thus u} is less than u2, for 0-5 < ¥ < 0-8 and
then very slightly increases above uZ,. On the other hand u} effectively increases
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F1ourg 6. Regions of validity of theories of §§2 and 3.1.

monotonically to u2, and from its asymptotic form we find that u2 is slightly greater

than u2, for ¥ 2 4. The ¥4 decay law as ¥ —> oo is the same as that found by Phillips
(1955) for the decay of velocity fluctuations outside a shear layer. Note that for practi-
cal purposes u? and uZ reach 10 %, of their asymptotic values when ¥ (= y /Ls) > 0-2,
whereas u2 does not reach 10 %, of its asymptotic value until ¥ > 1-2.

In figure 5 we have plotted ¢2/q2 as a function of ¥ to show how the kinetic energy of
the turbulence is lower in region B® (except at ¥ = 0) than in the free stream. The
lowest value this ratio reaches is 0-865 for o = § and 0-845 for a = 1. The decrease in
the energy of the turbulence, of course, is associated with a rise in the mean pressure.
For example, when %, > « > L, there is a gradient of the mean pressure normal to

the wall: 9p/dy = — duz/dy.

3. Applications of the theory
3.1. Grid turbulence near a moving wall

The theory of § 2 has been developed for a limited range of z over which the turbulence
does not decay significantly. To compare the theory with experiments we must esti-
mate how the turbulence decays in the wall regions B® and B® relative to its decay in
the free stream. The usual law for the decay of homogeneous grid turbulence is (Bat-
chelor 1953, p. 103)

dg% /dt = — A(gL)/1, (3.1)

where [ is some scale of the order of the integral scale.

In region B®, if 8 < L, we have found in §2.4 that g% ~ ¢2 to within 1 % and that
L, decreases by a third, while the integral scale for u, increases by about a quarter. It is
also interesting to note that the highest wavenumber parts of the spectrum are un-
affected in region B®. Thus there is no apparent reason to expect the turbulence decay
in B® to differ much from that in the free stream.

Even if these two turbulence decay rates are comparable, is there any reason why
u in B® should have the form given in §2? Consider the flow downstream when z > z,
(see figure 6). We assume that although the turbulence may have travelled a distance
from the grid comparable with Z;, the thickness 6 of the viscous region is still small
compared with L, the local integral scale of the free stream. Let us calculate the flow
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at a distance x — x, from our new origin 2y, where x — z, is large compared with L, but
small compared with %, in other words less than an eddy life-time away from z,. In
that case we can again use the concepts of ‘frozen’ turbulence. If the decay of turbu-
lence in B® has been comparable with that in the free stream, then

w~w, in B® for y> 4§, (3.2)
so that as in (2.31) we can express u as
u=u,-Vo,
where Vxu = w, u—->u,as Y(=y/L,) > o and V2® = 0. Let (v —z,)/L, = X; then

on X =0, u—u, must be regarded as unknown, say uy(0,Y,Z,T), but as ¥ -0,
ug—> 0, 80 that d9/0Y = u,,. Therefore for X > 0

X' Y=02,T)
ooz s s ’ '
2nf f_w[ g ey ey e L

’ ’ 1
‘%fo f_w“‘““” AR b CEs S5 LRV Y 4

1
. RS GV A AT
Thus when X > 1 (i.e. > x> L), the second integral is O(X-1) times the first.
Consequently ® and S, tend to the forms found in (2.34) and (2.44). Therefore we
expect that the results of §2.4, when expressed in local free-stream variables, should

be approximately valid down the wind tunnel.}

In comparing the theoretical results with experiments the first question to be
answered is what is the relative magnitude of §® and L, the thicknesses of the viscous

and source regions. From (2.37b)
8®/L, = 4-0[(x/Ly)v/ (%, L)} (3.4)

Since u2/uZ,; begins to be amplified only wheny/L,, < 0-2,it follows that if 6®)/L,, 2 0-2
then the irrotational amplification of the u, component of turbulence will be masked
by the viscous reduction. This is why Uzkan & Reynolds (1967) observed no amplifi-
cation. The Reynolds number of their experiment was so low that

(#/Ly) (v/%e L) ~ 1072

(where z is the distance from the beginning of the moving wall), so that é®/L_, ~ 0-4.
In their conclusions they stated that the turbulence was reduced within a growing
‘inhomogeneity’ layer of thickness & = 1-8(vx/%,)}, which is in rough agreement
(1-8 compared with 4-0) with our calculations ! Uzkan & Reynolds’ data can be plotted
within 12 %, on a universal plot of u3/uZ, as a function of y/(xv /%,,)?, showing that our
solution for the viscous layer has the nght form. (Note that x < %)

A possible explanation for the thickness of the viscous layer observed by Uzkan &
Reynolds being less than that predicted by (3.4) is that, since in their case ) ~ §),
the boundary-layer approximation §® < ¢® is not valid. Then some irrotational
amplification of »; must occur in the outer part of their viscous layer.

Ifthe Reynolds number is very much higher than in Uzkan & Reynolds’ experiment,

+ When 6* > 0-2L_, there is a significant quantity of vorticity diffused from B® into the
source layer B, Then (3.2) and (3.3) cease to be valid.

}dY’dZ’. (3.3)
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as in the experiments of Thomas & Hancock (1977) at Imperial College, then §® < L.
Typically (/L) (v/%e, Ly,) ~ 42 x 10%), so that

0® /L, ~ 0-1. (3.5)
Thus from figure 4 (b) we should expect a maximum amplification in u2/uZ, of about
20 %. To achieve an amplification of 309, would require an increase in %, L, /v by a
factor of 10.

The thickness 8 of the viscous layer does not increase with z indefinitely. The theory
leading to the prediction (2.37b) was based on eddies travelling at the same speed as the
mean flow. Over a distance z 2 .%;, the additional random convection of the eddies by
the turbulence produces phase changes in the eddies travelling with the mean flow.
Taking a single Fourier component provides an estimate for 6® for » 2 %} of

80 ~ 2[ ) v/u, b ~ 2[vL,[u,lt
~ 2 [y x Lagrangian time scale]t. (3.6)
This estimate is much larger than [vL,/%]t, the thickness proposed for the viscous
sublayer in a turbulent boundary layer by Sternberg (1962) from an analysis in which
the convection of eddies was neglected and a single Fourier component was considered.

The experimental results of Thomas & Hancock (1977) for turbulence near a moving
wall are compared with the theoretical curves in figures 2 and 5. The salient parameter
values for their experiment are

Uy [Ty = 0:05, Wy Los/v =105, ul [l )b = ul [l )t = 1-09

at (x—a,)/M = 18.
Since the boundary layer created by the rigid wall upstream of the moving wall was
sucked off, the moving wall was the sole cause of the turbulence distortion near y = 0.
The theory of §2 should be valid for a distance = from the start of the moving wall if
z < Z,. Now %, is about 1-6m, so when (x—x,)/M = 18, x/%; ~ 0-9. Since in
addition §® « L is satisfied [see (3.5)], the conditions in Thomas & Hancock’s experi-
ment approximately agree with those of our theory.

For the mean-square turbulence components in figure 5, the u2 data collapse well
when plotted against the non-dimensional length scale Y and agree well with the
theoretical curve. But the u? and u} data both show a tendency to depart from the
theoretical curve with increasing X, the u? data showing a larger amplification and the
uZ a correspondingly smaller one than that predicted by the theory. We think that the
downstream amplification of u2 is due to a disturbance created at the beginning of the
moving wall being diffused outwards by the turbulence.

Table 1 lists some of Thomas & Hancock’s measurements of the amplification of
spectra at various frequencies in the layer adjacent to the moving wall together with
the corresponding values given by the theory. For Y ~ 0-3 the numerical agreement is
good, but at ¥ ~ 0-06 the experimental values should be expected to be lower than the
theoretical values because the latter have been computed on the basis of §® ~ 0,
whereas in fact 6 = 0-1.

In figure 2 the experimental spectra are plotted on the theoretical curves. The experi-
mental values of ®,; and K, have been non-dimensionalized by %, and 2L, (the
appropriate transverse length scale in the free stream) in the cases ¢ = 2 and 3 to allow
for the anisotropy of the free-stream turbulence. The measured spectrum of ®,, shows
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K @Y = 0-07) 0,4(Y = 0-06) Og(Y = 0-07)
! Op(Y = 3-57) 0,,(Y = 2-84) Ogy(Y = 2:67)
r = Al r A BRI A R}
Computed Measured -Computed Measured Computed Measured
Y (= y/L,) ~ 0-07 (inside region B™)
0-03 0-027 0-028 1-02 0-95 2-0 1-42
0-3 0-026 0-028 1-11 1-03 1-73 1-42
1-0 0-033 0-037 1-45 1-57 1-34 1-36
30 0-11 0-11 1-45 1-87 112 0-9
10-0 0-43 0-38 0-96 2-:00 0-99 0-9
30-0 0-89 0-59
Y ~ 0-3 (inside region B)
0-03 0-20 0-24
0-3 0-19 0-25
1-0 0-27 0-39
3-0 0-61 0-69
10-0 1-0 0-82
30-0 1-0 0-9

TaBLE 1. Comparison of the values of the amplification of the spectra computed for region B®
and measured by Thomas & Hancock (1977) at (v—2,)/M = 18.

a bump at the high frequency end, which perhaps supports our conjecture that some
disturbance was created at the upstream end of the moving wall. This bump is visible
at y/L, ~ 0-1, but not for y/L,, > 0-25, so that it exists only in the viscous region.

In general the experimental data confirm the general features of the theory; i.e. the
suppression of @,, as the wall is approached, which occurs mainly at the low frequency
end of the spectrum, while the low frequency components of ®,; remain substantially
unaltered.

3.2. Turbulence near a flat plate

If a semi-infinite flat plate is placed in a turbulent flow parallel to the mean flow, then if
0* is the displacement thickness of the boundary layer on the plate and L, > é* the
turbulence above the plate will be distorted. We expect that some additional turbu-
lence may be produced in region B® by the interaction of the free-stream turbulence
with the boundary layer. This is likely to be negligible as d*/L.,— 0.

Measurements undertaken at Cambridge University Engineering Department and
plotted in figure 5 show that the variation of u3/u%, with y/L,, is slightly greater than
the theoretical curve for region B®, by about 0-05. This difference is, we note, about
equal to the value of 8*/L,, (Graham 1975).

4. Further applications of the theory

The experiments described above, involving a moving wall or a flat plate, are rather
specialized cases. A more usual situation which occurs in a wind tunnel is the growth of
a tunnel wall layer in free-stream turbulence behind a grid. In this case the wall which
influences the turbulence is present continuously from upstream of the origin of the
turbulence and therefore may influence the homogeneity of production. There is also,
usually, a relatively thick mean-flow boundary layer on the wall.
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Measurements have been made in such layers by Cooke (1971) and Petty (un-
published), among others. These measurements show qualitatively some of the main
features predicted by the theory of §2, in particular the decrease in u2 and small
increase in w2 within the region B®,

The most common occurrence of turbulent flow adjacent to a wall is within turbu-
lent boundary layers. Bradshaw (1967) and Townsend (1976) have described the large-
scale inactive motions in the inner part of a turbulent boundary layer, which are
produced by the large eddies in the outer part of the boundary layer. These eddies are
convected and distorted by the mean velocity shear, but are also subject to the same
blocking action at the solid boundary as are the eddies of free-stream turbulence
adjacent to a wall. It is therefore to be expected that some of the details of free-stream
turbulence close to a wall predicted by the theory of §2 should also apply approxi-
mately to the inactive motions in turbulent boundary layers. This speculation will not
be taken further here, but we believe that the theory has useful implications in this
context.

5. Conclusions

The theory presented in §2 gives a good prediction of the variation of u and its
spectrum in the region of a solid wall, when compared with measurements on a moving
wall or a thin flat plate at moderately high Reynolds numbers. The numerical agree-
ment of the u; and u; components, particularly their variances, is not so good, although
qualitatively correct. In particular, the measured values of these quantities indicate a
streamwise development of the wall layer giving increasing amplification of u2 with
increasing /L .. The measured values of u show less amplification than is predicted by
the theory.

Atlower Reynolds numbers, the relatively greater predicted thickness of the viscous
layer B® explains why the data of Uzkan & Reynolds show no amplification near the
wall.

We are grateful to Mr P. Bradshaw for comments on a draft of this paper. The
computing was ably performed by Mr J. Smith.

Appendix A. Solution for the potential near the origin of B®

The potential ® satisfies
V2 = 0, (A1)
together with the boundary conditions
00/0Y =u,, on Y =0, X>0,
O =0 on Y =0, X<O,}
®—>0 on Y- +4oo.
Taking Fourier transforms defined as in (2.38) and (2.41) and substituting in (A 1) and
(A 2) gives the following equations for the potential function £,(X, Y):
02, /0X 2+ 228,/0Y2 — K3f, = 0, (A3)
0f,/0Y =exp(iK;X) on Y =0, X> O,}
Po=0 on Y=0, X<0O.

(A2)

(A¢)
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If we express f, as the Fourier transform
f © B, Y)erzdA

and substitute thisinto (A 3), taking the appropriate solution to give f,—> 0as Y - + oo,
we obtain
B(A,Y)=FA)exp{—(A2+K}Y} in Y >0

Hence from (A 4)

® F(A)(A2+ K2)texp (t:AX)dA =exp(iK, X) for X >0
and o
F(A)exp(iAX)dA =0 for X <O.
The solution of this pair of integral equations, by consideration of the analytic con-
tinuation of F in the complex A plane, is

Fo = i A=Ky
T 2m(K +iK (A —iK)t (A—-K,) 2(K,+i1K3)t (A—iK )t
From this
(X, Y) _if“’ exp{—(A2+ K3)}Y}exp (:AX)dA
AET=2] TR EAA—ERA-K,y)

_exp{—(K3+ K} Y}exp (1K, X)
(K21 KI) :

This integral can be evaluated on the wall ¥ = 0, X > 0 to give

—erf ([ K, + K;) X1}

ﬂ2(X: 0) = (K%-{-K%)é €xp (ZKI 'X):

which can be expanded for large values of X as

K, X — | K| X) (K3 —iK, )t X%
pux,0) = - SLEEL) P AP ST 4 0 exp (- K X) X)

Appendix B. The thickness of region B®
We develop here a model for estimating the thickness of region B® at distances from
the leading edge of a plate or a moving wall of the order of the eddy turnover distance
;. From (2.28) the normalized equation for «$” is
auiv) mgv) 02u§”’
o Tox T o (B 1)

with boundary conditions
>0 as y—>o0,

U = = Uy + ) (X, Y =0,Z,T) on 3=0, X >0, (B 2)
u?=0 on 9=0, X<O.
As a simple model consider a single Fourier component, travelling with the mean flow
but slowly varying in phase. A model of such a disturbance is

(Ueoy +u{®) (Y =0) = ugcos (K, T — (K, +4dK,) X), (B 3)
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where u, is a constant O(1), 6K, = af (T — X)/a) and a = u,, /4@, (< 1). fis a random
function O(1) which is constant for an observer travelling with the mean flow and which
has a dimensional time scale of the order of the Lagrangian time scale, since

(T—X)/oo = (t—2) U Loy fury.

Thus the boundary conditions for u{"’ are specified in terms of functions of 7 — X and X.
Let u{""X,9,2,T) = 4"(X,9, Z, T), where 7'— X = 7. Then (B 1) becomes

ou" [0 X = ¥ [on? (B 4)
and (B 2) and (B 3) become
W —>0 as n—>o0,

@ = ugcos (K, P+aXf(T/a) as 0. (B 5)
The asymptotic solutions are as follows
(i) When aX(=2/%;) < 1,

@ = ug cos (K, T)erf{n/(4X)3},
T
° u® = g 008 (K (T t — )/ L) exf {y(4vz /i) 4}, (B 6)

which is of the form of (2.37).
(ii) When aX(=2/%;) = O(1),

u? = uycos {K, T +aXf(T/a) —n(3af ¥} exp { — q[3af (L)) 4},
or

w{” = uycos {K; (Ut —x)/ Ly, + (ax/ L) f(Got — x) /L) -y f (2L, v /) 112}
x exp { — [y(2v/Us) ] [f(He t — x) /L 13}, B7)

Since f is assumed to be O(1), it follows from (B 6) and (B 7) that the thickness §®
of the viscous region B® near the wall changes from 4(vx /%)t when z < %}, to about
2(Fv/u,)t when z > %, as stated in (3.4) and (3.6) in § 3. Most other (plausible) kinds
of random disturbance would produce a similar thickness when z > .%.
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